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 Spatial structure can greatly affect a game’s outcome. 

 Ohtsuki et. al, 2007: 
◦ Treat the connectivity between agents as a pair of graphs. 

 One graph for the game, one graph for reproduction. 

◦ Nodes/vertices represent agents and edges represent 
(social/reproductive) connections. 

◦ Edges may be weighted, possibly even differently for each 
player. 

Vertex/agent 

Edge/connection 



 In graphs, a vertex’s degree is the number of 
edges it has. 

 How many other agents is an agent 
connected to? 

 Degree distribution: 
◦ If we make a histogram of every agent’s degree, 

what kind of distribution do we get? 

 

 



 In a completely regular graph (e.g., a torus), 
all agents have the same degree. 

 In a scale-free network (defined in terms of 
having a power-law tail), a few agents have 
an extremely high degree, though the vast 
majority don’t. 
◦ Truncated scale-free networks (e.g., movie actors): 

there is some cutoff, or maximum degree. 

Power-law tail of a scale-free network’s degree distribution 



 A clique is a subgraph where all 
pairs of agents are linked. 

 The “clustering coefficient” 
characterizes the cliquishness of 
some area surrounding a given 
agent. 

 Typically, we are interested in the 
average clustering coefficient, 
not any particular agent’s. 



 Connections are local. 

 Most common structures are von Neumann 
neighborhoods and Moore neighborhoods. 

von Neumann neighborhood 
(Manhattan distance = 1) 

von Neumann neighborhood 
(Manhattan distance = 2) 

Moore neighborhood 
(Chebyshev distance = 1) 



 Diluted lattices involve the random removal 
of some proportion of either the agents, or 
the connections. 

Random agent removal Random connection removal 



 Networks where every vertex is a small number of steps 
away from any other vertex, despite a potentially large 
number of vertices and a high clustering coefficient. 

 Facilitated by the existence of some long-distance 
connections. 
◦ Need surprisingly few such connections. Even q > 0.01 may be 

sufficient. 

 Best known from the famous “six degrees of separation” 
experiment. Milgram attempted to test this idea on the 
U.S. population by mailing letters. 

 For example: How hard would it be for you to get in touch 
with a random Austrian? 
◦ If each of us only knows people who are geographically nearby, 

this is pretty difficult. 
◦ But, if I know someone who lives in Austria, and you know me, 

then in two steps we have already made huge progress. 



 You can get a regular small-world network by 
randomly rewiring some fraction of a square 
lattice’s connections such that the degree of 
each vertex is preserved. 
◦ Many local connections. 
◦ Some become long-distance connections, 

drastically reducing the average path length. 



 If you rewire all of a square lattice’s connections, 
you end up with a random regular graph. 
◦ All connections are random, but every vertex has the 

same degree. 

 There is therefore a continuous structural 
transition: 
◦ Lattices  small-world networks  random regular 

graphs. 



 As the number of vertices approaches infinity, 
the number of short loops in a random regular 
graph diminishes. 

 Local structures become similar to the fictitious 
Bethe lattice (which exists only in the limit). 
◦ Potentially useful approximation for mathematical 

analysis. 



 In most graphs of heterogeneous degree, vertices with 
very high numbers of connections are rare. 

 However, lots of real networks depend on such a property. 
◦ For example: the internet, the network of acquaintance, 

collaborations, metabolic reactions, many other biological 
networks, etc. 

 Recall that such networks, called scale-free networks, 
have a degree distribution with a power-law tail. 



 Procedures for building such graphs follow the same 
general idea: 
◦ Start with a few connected vertices. 
◦ Add a vertex at each step, randomly linking it to the existing 

vertices. 
 But make the probability of linking to an existing vertex depend 

(linearly) on its current degree. 
 The “rich-get-richer” phenomenon. 

◦ Drawback: Clustering coefficient vanishes in the limit, which is not 
true for many real networks. 



 The subject of intensive research across many 
fields. 

 Different ways to implement them: 
◦ Agents select partners at every turn based on some 

criteria. 
◦ Agents are able to sever/replace links. 

 In both cases, decoupling the rate of strategy evolution from 
that of structural evolution has been shown to yield 
interesting results. 

◦ Agents may be allowed to move around a network. 
 By creating empty neighboring locations the agent can move 

into. 

 By allowing neighboring pairs of agents to swap positions. 


